ABSTRACT The synchronization and stability of two unbalanced rotors (URs) separately driven by induction motors rotating in opposite directions, in a new mechanism system with four rigid frames (RFs), are investigated in present work. Applying Lagrange's equation, the differential equations of motion of the system are deduced. The criteria of synchronization and stability of the synchronous states are derived analytically by using the average method and Hamilton's principle, respectively. Based on the theoretical results, the coupling dynamic characteristics of the system are given by numeric, it is shown that the abilities of synchronization and stability, are the best under the condition that the parameters of the system are completely symmetrical. The stable states and the corresponding motion types of the system in different resonant regions, are clarified in detail. A Runge-Kutta simulation routine is employed to verify the validity of the theoretical results, as well as the feasibility of the used theory method. The selecting principle of the stable region with zero phase difference for the two URs, can provide a novel reference for designing a new type of vibrating feeder with the anti-blocking function in engineering.
I. INTRODUCTION
In the field of the investigations on vibrations, which main aim generally includes two aspects, vibration suppression and vibration utilization. For the former, it refers to vibration reduction, such as dynamic vibration absorbers [1] , [2] ; while in light of the latter, many types of vibrating machines using in the industrial production process, can be designed and manufactured by utilizing the principle of vibrations. The synchronization theory of two or more than two URs separately driven by induction motors, is one of the main representatives of the above latter.
Synchronization is described as two or more objects (phenomena) implementing the same (similar) forms of motion or physical forms, such as the same velocity, phase, or trajectory [3] , [4] . The earliest description of synchronization was put forward by Huygens [5] . For a long time, synchronization phenomena have been paid more attention by many scholars, and much effort has been devoted to solving the problems of synchronization. Recently, the synchronization of clocks or pendula has aroused great research interests from many researchers, some representative theses can be found in [6] - [8] .
Synchronization of two or more URs is a classical problem in the vibrating machines. In the 1960s, Blekhman firstly gave the theoretical explanation of two identical URs by using Poincare's method, and later he proposed his own investigation method, i.e., the method of direct separation of motions, and applied successfully such method to solving many problems of self-synchronization [9] - [11] . Ragulskis analyzed the problems of self-synchronization of nonlinear dynamical systems [12] , [13] . Yamapi and Woafo proposed the synchronization of coupled self-sustained electromechanical devices [14] , [15] . Wen et al. [16] , [17] VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ gave some synchronization criterion of implementing synchronous operation of the system and stability criterion of the synchronous states by using the average method and Hamilton's principle, and further applied this theory to engineering and designed many types of new vibrating machines successfully, such as self-synchronous probability screens, self-synchronous vibrating feeders, self-synchronous vibrating coolers, self-synchronous vibrating conveyors, etc. Balthazar et al. presented some brief points of synchronization of URs on a flexible portal frame structure [18] , [19] . Authors investigated the vibratory synchronization transmission of a roller in a vibrating system, and analyzed synchronization problems of two and four non-identical URs in a vibrating system [20] - [22] , [26] . Fang et al. proposed self-synchronization of two homodromy URs coupled with a pendulum rod in a super-resonant vibrating system [23] . The synchronization of a controlled UR with a viscoelastically mounted supporting body and force-excitation was investigated by Bartkowiak [24] . Khan studied the multi-switching dual compound synchronization of chaotic systems [25] .
In light of published literature, two or four URs can implement the synchronization with zero phase difference, which ensured that the vibrating machines can achieve the line or circular motion, in which the attentions are focused on the synchronization problem under the super-resonant condition or in a single/double RF system. In this paper, a new four RFs dynamical model with an anti-blocking function is proposed to investigate the stability of the system and the corresponding motion types, which is the deep investigation and extension of the previous works. Herein, the stable states of two URs in different resonant regions will be revealed in detail, and the reasonable working point regions of the vibrating system, will be derived by theoretical deducing, numerical qualitative analyses and simulations. Utilizing the present work, a new type of self-synchronous vibrating feeders/conveyors with an anti-blocking function, can be designed.
The rest of this paper is organized as follows: the dynamic model of a considered vibrating system is described and corresponding differential equations of motion are deduced in Sect. II. The criterion of implementing synchronization and that of stability of the synchronous states are acquired in Sect. III. The coupling characteristics of the system in different resonant regions are analyzed numerically in Sect. IV. Computer simulations are carried out to verify the validity of the theoretical results and numerical characteristics analyses in Sect. V. Finally, some brief conclusions are listed in Sect. VI. M i mass of the RF i and the mass of the UR on it, 
II. MODELING OF THE VIBRATING SYSTEM NOMENCLATURE
average load torque of the induction motor i,
electromagnetic torque of the induction motor i operating steadily at the angular velocity ω m0 , i = 1, 2. T ei electromagnetic torque of the induction motor i, i = 1, 2, and its expression can be seen in Ref. [22] . T u kinetic energy of the standard UR, T u = m 0 r 2 ω 2 m0 /2. β angle between the direction of the spring of the RF m 1 and x-axis, β = π/4. π − β angle between the direction of the spring of the RF m 2 and x-axis, π − β = 3π/4. γ iy phase angle between the response of rigid frame i and two URs in y-direction, i = 1, 2, 3, 4. θ i auxiliary angle of the response of the vibrating system in x-and y-directions, i = 1, 2, 3, 4. λ yi , λ xj amplitudes of responses of the vibrating system in x-and y-directions, i = 1, 2, 3, 4. j = 1, 2. ω m0 average angular velocity of the two URs in the steady state. ω i natural frequency of the vibrating system in x-and y-directions, i = 0, 1, 2, 3, 4. ω * 0 , ω * 3 natural frequencies of the vibrating system in different resonant regions. ω * 0 = ω 0 , ω * 3 = ω 3 . z 0 , z 3 frequency ratios between rotational velocities of two motors and natural frequency.
kinetic energy of the vibrating system. V potential energy of the vibrating system.
123522 VOLUME 7, 2019 Figure 1 shows the dynamic model of a considered vibrating system, which consists of four RFs and two URs. The RF m 4 is linked to the elastic foundation by springs. The two URs driven separately by two induction motors rotating in opposite directions, are installed on the RF m 4 . The RFs m 1 and m 2 are connected with the RF m 4 by springs and guide plates. The RF m 3 is installed on the center of the RF m 4 by spring k 3 . As illustrated in Fig. 1 , oxy is a fixed coordinate system, the RFs m 3 and m 4 move up and down, there are no vibrations in the horizontal direction, and the motions of the RFs m 1 and m 2 can move with the opposite directions in x-direction, while they can move with the same directions in y-direction. Each UR rotates about its spin axis, and their rotational phases are denoted by ϕ 1 and ϕ 2 , respectively. Choosing y, ϕ 1 , ϕ 2 as the generalized coordinates, and using Lagrange's equations, the differential equations of motion of the system are derived as follows:
,
The detailed parameters in (1) are listed in Appendix A. It should be pointed out here that, for (1), generally in engineering, under the help of the guide plates, see Fig. 1 , the vibration responses of the RFs 1 and 2 (i.e., m 1 and m 2 ) in x-direction, can be directly transformed from their responses in y-direction, so the differential equations of motion of the RFs 1 and 2 in x-direction can be replaced by their responses in y-direction.
III. SYNCHRONIZATION OF THE TWO URS AND STABILITY OF SYNCHRONOUS STATE
Assuming that the average phase between two URs is ϕ, and the phase difference between two URs is 2α, i.e.,
with
When the vibrating system operates in the steady state, there is an exceedingly small change in the angular velocities of the two URs. Hence,φ 1 andφ 2 are not considered. Here, m 01 can be treated as a standard UR, i.e., m 01 = m 0 , then m 02 = ηm 0 . Using the Transfer Function Method [21] , the responses of the system are obtained as
and the other parameters can be seen in Appendix B.
Here we assume that the masses of RFs m 1 and m 2 are the same, as well as their connecting springs (k 1 and k 2 ), damping constants of the four RFs in y-direction are also identical, i.e.,
As seen from Fig. 1 , the angle between the spring k 1 and the horizontal direction is β, and that between the spring k 2 and the horizontal direction is π − β. The response of RF m 3 in x-direction is zero, as well as the RF m 4 . Hence, we may only consider the responses of the RFs m 1 and m 2 in x-direction, which is
In light of (2)- (4), the other responses of the system can be expressed as
The unspecified parameters in (5) are listed in Appendix C.
A. SYNCHRONIZATION OF TWO URS
In order to get the natural frequencies of the system, the formulae 1 to 4 in (1) can be expressed in matrix form, i.e., the coupling matrix of mass and that of stiffness are given, as well as the characteristic determinant, as follows:
Here, M is called as the coupling matrix of mass, K is the coupling matrix of stiffness, (ω 2 ) is characteristic determinant with respect to eigenvalues.
In engineering, since the spring stiffness of the isolative system k 4y is much less than that of the main vibrating system k 1y , k 2y and k 3y , so k 4y can be ignored in the following treatment process.
Letting (ω 2 ) = 0, leads to
From (8), the natural frequencies of the system (x-and y-directions) can be given as:
where
Provided that the two URs can operate synchronously, the average angular velocity of two URs, in a steady state, is assumed to be ω m0 , i.e., we haveφ i = ω m0 . Differentiating y i (i = 1, 2, 3, 4) with respect to time t in (3),ÿ 1 ,ÿ 2 ,ÿ 3 and y 4 can be obtained, respectively. Then inserting them into the last two formulae of (1), and integrating two formulae over ϕ = (0, 2π ) and the mean is taken, the average balanced equations of the two URs are described as (10) with
In (11), T u = m 0 r 2 ω 2 m0 /2 denotes the kinetic energy of the standard UR, and on the left-hand side of the equal sign,T Li (i = 1, 2), represents the average load torque of the motor i.
During the aforementioned integration, compared to the change of ϕ (φ = ω m0 ) in regard to time t, that of 2α is enormously small, which can be treated as the slow-changing parameter [9] - [11] . Hence, 2α can be replaced by the middle value 2ᾱ of its integration.
The subtraction of the two formulae in (10) and after the rearrangement, yield to
here T Di (i = 1, 2) represents the effect residual electromagnetic output torque of the motor i; T S is the sine coupling torque between two URs; T C is the cosine coupling torque between two URs, which is also called as the frequency capture torque. Rearranging (12) , leads to
. (14) It should be stressed that the left-hand side of (13), T Diffference , denotes the difference of the effect residual electromagnetic output torque between two motors; while the right-hand side of it, τ c12 (ᾱ), is the coupling torque between two URs, which is a limited function with respect toᾱ, so we have
here τ c12max represents the maximum of τ c12 (ᾱ). Hence, considering (13) and (15), only the following condition
be satisfied, can (10) be solved for ω m0 and 2ᾱ, and their synchronous solutions are denoted by ω * m0 and 2ᾱ 0 . That is to say, the synchronization criterion of implementing the synchronous operation of two URs is (16) , which describes that the difference of the effect residual electromagnetic output torque between two motors, should be less than the maximum of the coupling torque between two URs.
Summing the two formulae in (10), leads to the fact that the dimensionless average load torque of each motor, denoted by τ a (ᾱ), can be expressed as
Equation (17) is also a limited function with respect toᾱ, i.e., it has
with τ amax represents the maximum of τ a (ᾱ). So the coefficient of synchronization ability between two URs [20] , denoted by ζ 12 , is defined as the following,
The greater the coefficient of synchronization ability, the easier the vibrating system can implement synchronization.
In light of the obtained synchronous solutions satisfying (10) and (16), generally speaking, there are two solutions, one is stable, while the other is unstable, and each synchronous solution corresponds to one synchronous state of the system, which one is stable depends on the following stability criterion of the synchronous states
B. STABILITY CRITERION OF THE SYSTEM
The kinetic energy of the system is expressed in the following,
. (20) The potential energy of the system is (20) and (21), the average kinetic energy (E T ) and average potential energy (E V ), over one period, are derived as:
The detailed parameters in (22) and (23) are shown in Appendix D.
According to (22) and (23), the Hamilton's average action amplitude, over one period, (I ) is derived by the following
According to [16] and [17] , the stable synchronous solution of the phase difference (i.e., 2ᾱ * 0 ), should correspond to a minimum point of Hamilton's average action amplitude, in other words, the Hessian matrix of I should be positive definite in the vicinity of the stable synchronous solution.
The Hessian matrix of I is denoted as H , we have
The coefficients, U 1 , U 2 and U 3 in (25) are listed in Appendix E.
In order to make the Hessian matrix of I be positive definite, the following condition
should be satisfied, here H is defined as the coefficient of stability ability. So the stability criterion of the synchronous states is (26) , which describes the coefficient of stability ability should be greater than zero.
IV. DYNAMIC CHARACTERISTIC DISCUSSIONS OF THE SYSTEM BY NUMERIC
In this section, some numeric results are given qualitatively to further reveal the dynamic characteristics of the system, based on the above theoretical results. The parameters of According to the above parameters given, the natural frequencies of the system are calculated as: ω 0 = ω 1 = ω 2 = ω 4 = 100 rad/s, ω 3 = 178 rad/s.
A. SYNCHRONIZATION CHARACTERISTICS OF SYSTEM
According to the synchronization criterion, i.e., (16) , when the operating frequency is set as a low value, it is too low to make the system reach synchronization. So in this section, some numeric discusses are given under the condition that the operating frequency is greater than 50 rad/s. Figure 2 shows some plots of the maximum of the dimensionless coupling torque versus ω m0 for different η values, from which the three curves have similar variation trend. Taking η = 1 for example, its minimum is obtained in the neighborhood of ω 0 , and there is a rapid decrease from up to down near the natural frequency ω 3 , then the curve increases significantly and reaches the peak when ω m0 is greater than ω 3 . The greater the value of τ c12max , the larger the allowable difference between two motors that the system reach synchronization. Figure 3 shows the coefficients of synchronization ability of the two URs for different η. The curves get their minimum at the points of the natural frequencies ω 0 and ω 3 , and decrease rapidly with the increasing ω m0 in the range of less than ω 0 , then reflect a tendency of the approximately linear increase under the condition of the range of ω m0 > ω 3 , which indicates that the system can easily implement synchronization in a far super-resonant region. Besides, by the comparisons of the curves for different η, the synchronization ability of the system is the greatest for η = 1, this illustrates that the better of the structural symmetry of the system, the greater the synchronization ability, and the easier the system can implement synchronization.
B. STABILITY CHARACTERISTICS OF THE SYSTEM
Based on the expression of (26), the coefficients of stability ability of the system can be plotted in Fig. 4 . Obviously, the three curves are all greater than zero in the entire regions, which indicates that the system can be always stabilized in a certain synchronous state. It should be stressed that the curves get their individual maximums at the resonant point of the natural frequency ω 3 , and the stability is the strongest for η = 1, which reflects that the better the structural symmetry of the system, the stronger the stability. 
C. STABLE STATES OF THE SYSTEM AND THE CORRESPONDING PHASE RELATIONSHIPS IN THE STEADY STATE
From the above analyses, we know that the coefficient of synchronization ability and that of stability ability are the best for η = 1. So in this part, taking η = 1 for example, three types of phase relationships in the steady state will be discussed in detail, as well as the corresponding stable states and motion types of the system, as illustrated in Fig. 5 . The total resonant regions of the system are here divided into three parts by the two main natural frequencies ω 0 and ω 3 , denoted by the regions I, II and III, respectively, i.e., (I) ω m0 < ω 0 ; (II) ω 0 < ω m0 < ω 3 ; (III) ω m0 > ω 3 . The first type of phase relationship is the stable phase difference (SPD) between two URs. As can be seen from Fig. 5(a) , the SPD is in the vicinity of π or −π in regions I and most of III, in this case the excitation forces of two URs (EFTU) are canceled each other, and the corresponding motion type of the system is no vibration. In region II, ω 0 < ω m0 < ω 3 , the SPD is in the neighborhood of zero, and the EFTU is positively superposed, which causes the linear vibration of the isolation RF (m 4 ), this is just the desire in engineering.
The second type of phase relationship is the phase angles between the responses of the system and URs, see Fig. 5(b) . This kind of relationship can be obtained by (3) , here the phase lag angles between responses y i (i = 1, 2, 3, 4) and two URs are denoted by γ iy (i = 1, 2, 3, 4) , respectively. In Fig. 5(b) , it can be found that there exits the rapid change of the phase angles at the two critical resonant points for ω 0 = 100 rad/s and ω 3 = 178 rad/s. In region I, the phase lag angles are all near to π . After the synchronous operating frequency ω m0 passes through the resonant point of ω 0 , i.e., in region II, phase lag angle γ 4y is close to zero, and the other three phase lags are still at π , in this case, the phase relationship between the isolation RF (m 4 ) and URs is the operation with the same phases in y-direction; that between the other three RFs (m 1 , m 2 and m 3 ) and URs is the operation with the opposite phases. As ω m0 increases, it exceeds the resonant point of ω 3 , and enter into region III, the phase lag angles γ 1y , γ 2y and γ 3y sharply go up to 2π (being equivalent to be zero), and γ 4y changes to be π , the corresponding phase relationships are contrary to what is shown in region II.
The third type of phase relationship is the phase lag angles between two arbitrary RFs. As exhibited in Fig. 5(c) , the phase relationship among three inner RFs (m 1 , m 2 and m 3 ) is the operation with the same phases in the total resonant regions; while that between the isolation RF (m 1 ) and the other three RFs is the same phases in region I, and the opposite phases in regions II and III.
D. FREQUENCY-AMPLITUDE RESPONSE CHARACTERISTICS
Considering (5), the frequency-amplitude relationship curves of responses of four RFs are displayed in Fig. 6 , here we can note that the curves in Fig. 6(a) -(c) reflect a lot of similar variation trends.
Taking the curve with η = 1 for example, when the synchronous operating frequency ω m0 is in region I, the SPD is stabilized in the vicinity of π . In this case, the amplitudes of responses are close to 0 mm. As ω m0 goes up to ω 0 , there exists a break point in amplitudes, and amplitudes of responses jump up. In the meantime, the SPD changes from π to zero. As ω m0 increases, the amplitudes of responses climb significantly. When the ω m0 is equal to ω 3 , another break point is reoccurred in amplitudes. When ω m0 passes through the resonant point of ω 3 , the amplitudes of responses begin to drop, until the SPD is stabilized again in the neighborhood of π, the amplitudes of responses are close to 0 mm.
According to the aforementioned results, the reasonable working points of the system should be selected in region II, to guarantee a greater and stable amplitude of the response. Meanwhile, the amplitude of the response is also related to the value of η, the greater the η, the greater the amplitude. 
V. SIMULATIONS
In this section, some simulations are carried out by applying a Runge-Kutta routine to (1) 1, 2, 3, 4) , the frequency ratios of rotational velocities of the two motors to the natural frequencies, i.e., z 0 and z 3 , are derived, and some simulation results corresponding to different resonant regions are obtained, respectively.
A. SIMULATION RESULTS OF REGION I
In this part, an example is given to validate the theoretical results under the condition of ω m0 < ω 0 (i.e., region I). The stiffness coefficients of the springs are: k 1y = k 2y = 40000 kN/m, k 3y = 10000 kN/m, k 4y = 10 kN/m. The curves in Fig. 7 reflect the simulation results with η = 1 in region I. As shown in Fig. 7(a) , the synchronous rotational velocity of the two motors is about 983 rpm, i.e., ω m0 = 103 rad/s. Based on the parameters of the system, the natural frequencies are ω * 0 = 169 rad/s and ω * 3 = 299 rad/s, while the corresponding frequency ratios z 0 = ω m0 /ω * 0 = 0.61 and z 3 = ω m0 /ω * 3 = 0.34, which qualitatively corresponds to the line l 1 in Fig. 5 and Fig. 6 of section 4. Comparing Fig. 7(c) to Fig. 7(d) , simulation time is less than about 45 s, the amplitude of the response of the RF m 1 in x-direction is the same as that in y-direction, i.e., λ x1 = λ y1 , and this fact also occurs on the RF m 2 , i.e., λ x2 = λ y2 . The amplitudes of responses of RFs m 3 and m 4 in y-direction are exceedingly small. After a period of operating of the vibrating system, the phase difference between the two URs is stabilized in the vicinity of 180 o , this result accords with the fact that SPD is π in Fig. 5(a) . In this case, the EFTU is counteracted mutually, indicating that the vibrating system is at rest, therefore, the responses of the four RFs are close to zero, this fact agrees well with the frequency-amplitude relationship (i.e., λ = 0 mm) in Fig. 6 .
When t = 60 s, a π/4 phase disturbance is inflicted upon the UR 2. The phase difference 2α dramatically decreases to 135 o , as well as the rotational velocities of the two motors and the responses of the RFs in each direction have some fluctuations. After about 5 s, the motions of the system return to the previous stable state. Figure 7(e) shows that the load torques on two motors are time-varying, which is in line with those in (1), and their values are the same. In the steady state, the load torques are all close to zero, this fact can be obtained from (1) and Fig. 7(d) .
B. SIMULATION RESULTS OF REGION II
As can be seen from section 4, the entire interval of synchronous operating frequency can be roughly divided into three resonant regions. In this subsection, another set of springs is selected so that the operating frequency ω m0 is in region II, i.e., k 1y = k 2y = 8000 kN/m, k 3y = 10000 kN/m, k 4y = 10 kN/m. The simulation time is 60s, and a disturbance of π/4 phase is added to the UR 2 at 30 s. From the local amplified diagram in Fig. 8(a) , it can be found that synchronous rotational velocities of the two motors are periodic motions of approximate sine wave-form, which are roughly centered around 842 rpm, or ω = 88 rad/s. Under the circumstances, the natural frequencies are ω * 0 = 76 rad/s and ω * 3 = 135 rad/s, while corresponding frequency ratios are z 0 = 1.16 and z 3 = 0.65, which is consistent with what is exhibited in Fig. 5 and Fig. 6, i. e., ω m0 ≈ 116 rad/s (line l 2 ). In Fig. 8(b) , whether the disturbance is added or not, the phase difference is stabilized in the vicinity of 0 o , the zero phase difference between two URs corresponds to the first type of phase relationship in region II in Fig. 5(a) . This fact demonstrates that the EFTU is counteracted in x-direction and superposed in y-direction. In Fig. 8(c) , we can note that responses of RFs m 1 and m 2 are vibrations with the opposite phases in x-direction. Furthermore, the amplitudes of responses x 1 and x 2 are all about 2.3 mm, this result roughly conforms with the amplitudes (i.e., λ x1 = λ x2 = 2.43 mm) in region II in Fig. 6(a) . Fig. 8(d) shows the responses of four RFs in y-direction, the local amplified diagrams display that the responses of RFs m 1 , m 2 and m 3 change from -2.3 mm to 2.3 mm with the same phases. This fact is in line with the amplitudes in Fig. 6 (a) and (b) (i.e., λ y1 = λ y2 = 2.43 mm and λ y3 = 2.42 mm). Moreover, the response of the RF m 4 and that of the RF m i (i = 1, 2, 3) are vibrations with the opposite phases in y-direction, and the amplitude of the response y 4 is about equal to 4.5 mm, which is roughly equal to that in Fig. 6(c) , i.e., λ y4 = 4.21 mm. Fig. 8 (e) displays the load torques on two motors, and the curves of load torques change with time. This fact can be known from (1). In steady state, the two load torques T L1 and T L2 are identical, which are varying around 40 Nm in sine wave-form.
In light of the stability analysis of the system, in region II, a new type of vibrating feeder for bidirectional vibration working in the sub-resonant region, which has a central excitation anti-blocking function, can be designed, whose detailed working principle is briefly introduced in the following.
As a central body, the RF m 3 can provide excitation, whose purpose is to prevent material blockage at the feed opening, hence, this type of equipment has an anti-blocking function. The main working bodies are composed of the two RFs (m 1 and m 2 ), which are used for feeding. During the steady operating process, as the SPD (2α) is stabilized in the vicinity of 0 o , leading to the fact that, not only the bidirectional feeding function of the relative motion with the opposite directions between the two RFs (m 1 and m 2 ) is realized, but also the EFTU cancel each other out in x-direction, so the dynamic loads, transmitted to the RF m 4 , are the lowest possible, even zero, theoretically. In this case, the optimal effect of vibration isolation is obtained. Meanwhile, energy saving can be achieved by utilizing the resonance effect of the system in the sub-resonant region. Therefore, the working point of the system should be selected in the resonant region such as region II.
C. SIMULATION RESULTS OF REGION III
According to section 4, some simulation results under the precondition of the super-resonant region with respect to ω 3 (i.e., the operating frequency ω m0 is in region III), are discussed in this part. The stiffness coefficients of the springs are: k 1y = k 2y = 3000 kN/m, k 3y = 2000 kN/m and k 4y = 10 kN/m. During the first few seconds, the high-frequency vibrations are excited, meanwhile, the load torques appear and act on the two motors, which is shown in Fig. 9(e) . It can be seen from Fig. 9(a) and (b) , when t > 5 s, the synchronous rotational velocities of the two motors are all around 983 rpm, i.e., ω = 103 rad/s, and the phase difference is stabilized in the neighborhood of 180 o .
This moment, the natural frequencies are ω * 0 = 43 rad/s and ω * 3 = 77 rad/s, while the corresponding frequency ratios are z 0 = 2.40 and z 3 = 1.34, therefore, the operating frequency is ω m0 ≈ 239 rad/s (line l 3 in Fig. 5 and Fig. 6 ). When t = 30 s, the motor 2 is subjected to a π/4 phase disturbance, the synchronous rotational velocities return to their previous stable values after a short period of fluctuation. Additionally, in Fig. 9(b) , the phase difference suddenly drops to around 0 o , which dramatically surges to the original stable value (i.e., the SPD is 180 o ), after about 5 s. According to the above analysis, this result is in accord with the SPD in region III in Fig. 5(a) . From Fig. 9 (c) and (d), we can note that the responses of RFs in each direction have some large fluctuations when t = 30 s, then, the fluctuations gradually disappear. The amplitudes of responses eventually return to 0 mm in the steady-state. This fact is consistent with the amplitudes (λ = 0 mm) in region III in Fig. 6 . In Fig. 9(e) , the load torques on two motors are excited as soon as the disturbance is applied. Similarly, the load torques exist for about 5 s and then disappear, this fact can be obtained from (1) and Fig. 9(d) .
VI. CONCLUSION
The following conclusions can be drawn:
(1) The criterion of synchronization and the stability criterion of synchronous states are achieved analytically. The coefficients of synchronization ability of the two URs are greater than zero for the entire intervals, as well as the coefficients of stability ability of the system. The vibrating system, therefore, is able to operate in the synchronous and stable states. In light of coupling dynamic characteristics of the system for different η values, synchronization ability and stability ability, are better under the condition that the parameters of the system are completely symmetric.
(2) When the SPD is stabilized in the neighborhood of π , the EFTU is counteracted mutually in y-direction, under the circumstance, the system is at rest. When the synchronous operating frequency is selected in region II, i.e., the SPD is stabilized in the vicinity of 0 o , the EFTU is superposed positively in y-direction, while the vertical linear motion of the RF m 3 is realized. In the meanwhile, the two RFs, m 1 and m 2 , is implemented vibration with the opposite phases in the horizontal direction, which can improve the isolation effect of the system due to the compensation of their vibrating forces with each other in this direction.
(3) For region II, it is of great significance in engineering. Not only the bidirectional feeding function of the relative motion with the opposite phases between two RFs m 1 and m 2 in x-direction is realized, but also the dynamic loads, transmitted to the RF m 4 , are the lowest possible, even zero theoretically. In this case, the optimal effect of vibration isolation is obtained. Meanwhile, energy saving can be achieved by utilizing the resonance effect of the system in the sub-resonant region with respect to ω 3 .
(4) In engineering, the reasonable working points of the system should be selected in region II, it can provide a novel approach to design a new type of vibrating feeders/ conveyors with anti-blocking function and dual feeding/ conveying channel. 
APPENDIX A THE PARAMETERS IN (1)
2)
(B.16)
APPENDIX C THE PARAMETERS IN (5)
When cos(α − γ iy ) + η cos(α + γ iy ) > 0 is satisfied, we have
When cos(α−γ iy )+η cos(α+γ iy ) < 0 is satisfied, we have
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APPENDIX D THE PARAMETERS IN (22) and (23)
k 1x = k 1 cos β, (D.1) k 2x = k 2 cos β, (D.2) F 1 = F 2 = F 0 , (D.3) P = η[(2k 3 F 2 3 + 2k 3 F 2 4 + 2k 4 F 2 4 + 2k 0 F 2 4 + 2k 0 F 2 0 ) × sin β cos(2ᾱ) + (2k 0 F 2 4 + 2k 0 F 2 0 ) cos β cos(2ᾱ)] + 2k 0 (η 2 + 1)(F 2 0 + F 2 4 )(cos β + sin β) + (η 2 + 1) (k 3 F 2 3 + k 3 F 2 4 + k 4 F
